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XIV. On the Sextactic Points of a Plane Curve. 
By William Spottiswoodb, M.A., F.B.S., &c. 

Received June 15, — Read June 15, 1865. 

The beautiful equation given by Professor Catlet (Proceedings of the Royal Society, 
vol. xiii. p. 553) for determining the sextactic points of a plane curve, and deduced, as 
I understand, by the method of his memoir " On the Conic of Five-pointic Contact " 
(Philosophical Transactions, vol. cxlix. p. 371), led me to inquire how far the formulae 
of my own memoir " On the Contact of Curves " (Philosophical Transactions, vol. clvii. 
p. 41) were applicable to the present problem. 

The formulae in question are briefly as foUows : If U=0 be the equation of the curve, 
H=0 that of its Hessian, and V=(a, b, c,f, g, h)(x, y, z)^=0 that of the conic of 
five-pointic contact ; and if, moreover, a, j3, y being arbitrary constants. 



l=ax-\ ^y-{-yz, ] 

D =(yB,U-^B,U)b,+(«B.U-yb,U)B,+(/3B.U-«B,U)B« / ' 



(1) 



(2) 



then, writing as usual 

B,U=«, 'dy[]=v, B^U=w; B,H=jp, "byR^q, B,H=r,^ 
B:U=«„ . . 5,B,U=< . . 3=H=i>„ . . B,B.H=y, . . 

^=W,Wi — w'*, . . ;f=v'w' — UiU', . . 
Vy—'W^='k, 'Wtt,—U'y=:^, u^—va=ii, 

the values of the ratios a : b : c :f: g : h are determined by the equations 

v=o, nv=o, 0=^7=0, n«v=o, n*v=o (3) 

Now, if at the point in question the curvature of U be such that a sixth consecutive 
point lies on the conic V, the point is called a sextactic point ; and the condition for this 
will be (in terms of the above formulae) n''V=0. From the six equations V=0, 
D V=0, . . D^V=0, the quantities a, b, c, f, g, h can be linearly eliminated; and the 
result will be an equation which, when combined with U=0, will determine the ratios 
x:y:z, the coordinates of the sextactic points of U. But the equation so derived con- 
tains (beside other extraneous factors) the indeterminate quantities a, j3, y, to the 
degree 15, which consequently remain to be eliminated. Instead therefore of pro- 
ceeding as above, I eliminate a, /3, y beforehand, in such a way that (W=0 repre- 
senting any one of the series V=0, nV=0, . . from which «, /3, y have been already 
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eliminated) the equations W=0, nW=0, n^W=0 are replaced by 

b.W B,W b,W AW 



w 



■mB. 



(4) 



where jsr is a numerical factor, and 

A=(a3, c, #, #, SJXB. B„ ^J^ ....... (5) 

To this preliminary transformation the first section of the paper is devoted *. The 
second section contains the actual elimination of the constants of the conic, and the 
reduction of the resultant to six forms, ^=0, J?fl=0, ^=0, C=0, il'=0, |^'=0; 
of which % and ^', -01 and JH', ^ and ^ differ respectively only by one and the same 
numerical factor, viz. (J^— 2)'. All these forms, however, contain extraneous factors, 
the determination of which is the object of the remainder of the paper. The third 
section is devoted to the establishment of some formulae of reduction, the demonstra- 
tions of which are rather too long to be conveniently inserted in what would otherwise 
be their more natural place (§ 4). Besides these I have established many others of a 
like nature ; but the specimens here given will doubtless suifice to suggest the mode of 
proof of the rest to any one desirous of pursuing the subject further. In the fourth 
section it is shown that all six forms iC, . . iC', . . are divisible by the Hessian of U, and 
that %, W are also divisible by u^, Jil, £Si! by v^, and ^, by w', and that the result 
of these divisions is a single expression of the degree 12n—27. 

§ 1. Preliminary/ Transformation. 

The first two equations of the system (3) are, as is well known, equivalent to the 
following, viz. 






w 



(6) 



where d is indeterminate. The third equation, viz. □^V=0, when written in full, is 

0= nxb,V+ a/*^,V+ avS,V+X^B^V+^^B^V+v^9^V+2(pB,B,V+i'XBAV+x^SAV). 
Now n being the degree of U, we may without difiiculty establish the following formulse 
given by Cayley {I. c. p. 381) : 

{n-l)u' ==-%z'+2fzy-€f, 
{n-iy =-€cif-\-2<Bxz-%z\ 
(%- l)w^=: -g[/+2%iP-35^^ 

(w — 1 )«w = — 4fa?^ — ^xy — ^xz + 9iyz, 
(n—l}wu=—S'yw-j-0f—^yz+^zx, 
(n—l)vw=— ffzx— <Bzy + '^z^ + €xy, 

* In a paper recently published in the ' Quarterly Journal of Mathematics,' vol. vii. p. 114, 1 have given a 
transformation having the same object in view ; but its form is partial and in some sense incomplete, and the 
mode of proof less direct and obvious than that given in the text. 



CO 



(8) 



ip=(a,b,c,f,g,h){u,i3,yY, 



(9) 



(10) 



(11) 
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whence writing 
we may derive 

But, as will be found on calculating the expressions, 

(n-l)nii=imcc+^(B+fy)-y^, ........ 

so that 

(%-l)V =-¥^+2{n-l)xax+x'^, 

(w-l)V =-S*C + 2(»i-l)z Dc +z'$, 

{n—iyvX =-l'0+(n--l)(z D\+xnv)+zx^, 
(%-l)V = — ^'il+(*»— 1)(^ 0[^+y nx)+a^^<E>. 
Hence, if m be the degree of V, 

= -na, 3S, C, #, #, i?)(B., b„ b.)^V+2(7*-l)(m-l)(DXB.V+ P^B,V+ D.B.V), 

whence, substituting in (7), and bearing in mind that 

{n-l)9iu+^v+0w)=B.x,' 

(n-l)^u-j-^v+fw)=B.i/, ■ (13) 

{n—l)0u+fv+€w)=B.z,, 
we have 

(^-1)^ (l+^-fe^) ( □^^.V+ Di^h,Y+ n .B,V)-na, B, Cjf, 6, 1I)(B., B„ B.)^V=0. 
But 

DxB,v+ D/a.B^V+ ni'B,v=^(MnxH-«n|U-+wny) 



(12) 



~(«-l)2"-' 



4x2 
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so that (7) finally takes the forms 

(a3,c,4r,(i,i^)a,9„Bj^v-(i+^^)^H=o, . . . (i4) 

or, in the case where V is a conic, and consequently m=2, 

gia+m+€c+2(ff+0g+m)-^^^6Il=O; ..... (15) 

and in general making ts=l-\ _. , (14) takes the form indicated above, viz. 

AV-t!r^H=0, -J 

S^^V^^S^^AV [ • • • ' (16) 

u V w wH'J 

§ 2. Mimination of the Constants of the Conic of Five-pointic Contact. 

Before proceeding to the application of the formulse (16) to the investigation of the 
sextactic points, it will be convenient to premise that if s, t be any two homogeneous 
functions of x, y, z, the nature of the operation A is such that 

Ast=s^t+t^s+2{<^%(E„:S',<B,W^^,'^yS,■^,s){^J;,^^t,^^J;\ . . (17) 

and also that 

AV=:3H, Am=:j?, A«=2, Aw=f. . (18) 

This being premised, our first object is to establish an equivalent for n'V=0, divested 
of the extraneous quantities a, /3, y. Now, since 

S(wd,V-«B,V)=yDV, 
^(mB,V-«B,V)=zDV, 

and nS=0, it follows that 

Sn(?)B,V-wB^V)=?. DV+^D^'V, 

5n(wB,v-MB,V)=(M,nv+3rn'V, 

5n(wB,V- i>B,V)= I'D V+ ^n^'V; 

and consequently not only do vb^—wb^Y, wd^v—ub^, ubyV—vb^Y vanish with D V, 
but, when this is the case, n{vd^Y—w'd^Y), .. vanish with D^V. The same will 
obviously be the case if the operation D be continued ; so that, in general terms, we 
may, by operating upon vd^Y—wb^Y, . . with the symbol D, 0, 1, 2, . . times, form a 
system of equations equivalent to that "formed by operating on V with the same symbol 
1, 2, 3, . , times. And if we represent any of the three quantities vb^Y—wd^Y, . . by W, 
the equations WrrO, nW=0, D*W=0 will be equivalent to the system 
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analogous to (16). More generally, if 

Ai=mA— ssrHB,, 
l^i=v A— wHbj,, 
A3=wA— wH9^, 

and if A' stands for any of the three symbols A,, A2, A3, then the equations V=0, 
nV=0 are equivalent to " 

the equations n''V=0, n^V=0 are equivalent to 

-B,A'V=-B,A'V=-B,A'V. 

Similarly, if A" stands for any one of the symbols A,, Aa, A3, either the same as A' or 
not, then n*V=0, n°V=0 are equivalent to 



7B,A"A'V=-B,A"A'V=- 9,A"A'V, 



and so on indefinitely, for n^'"V=0, n^'"*^'V=0. If the series should terminate with 
n''V=0, e. g. n«V=:0, then the last equivalent would be A"'A"A'V=0, where A'" 
stands, like A", for any one of the symbols Ai, A^, A3 indifferently. The form W, 
however, presents peculiar advantages for the application of the operations A, as vdll 
be more fully seen in the sequel. And it follows from what has been said above that, 
if W retain the same signification as before, we may replace the equations ^^=0, 
nW=:0 (and consequently the equations nV=0, n^V=0) by 

and in. the same way the equations n^W=0, n'W=0 (and consequently n^V=0, 
n^V=0)by 

iA'B.W=jA'B,W=^A'b,W, 

and so on. I do not, however, propose on the present occasion to pursue the general 
theory further. 

Eetuming to the problem of the sextactic points, and forming the equations in W 
(19), we have 

l-b^v B.V- w-b,Y)=\b,{v B,V- «,B,V)=^B> B,V-«;B,V)=^ A(« B.V- wd,Y) 
iB>B,V-«B.V)=iB,(wB.V-MB.V)=^B.(wB.V-t*B,V)=^A(wB,V-«B,V) 
hjiu \Y-v ^.Y)=;h,(u h,Y-v 9,V)=^B> B,V-« B.7) =:^ A{u ^,Y-v B,V). 



(20) 



658 ME. W. 8P0TTISW00DE ON THE 8EXTACTIC POINTS OF A PLANE CUEVE. 



But since W is of the degree n, ti7i=l-| — _ • ^ — 3. Also since B^V, BjjV, Bj,V are 

linear in iP, y, z, it follows that AB^V=0, AB2,V=0, A^^V=0; hence, applying the 
formulee (17), (18), 

A«B,V=^B,V+2(a . . #. . )(w', «., «')(Si9.V, B,B.V, B=V). 
But since 

^w'+l^),+(gtt'=0, lw'+25«x+(gM'=H, 6w'+j5?.+Ctt'=0, 
it follows that 
Similarly, 

so that (20) become 



At;5,V=2B,V+2HB,B,V. 
AwB^V=r9^V+2HB,B^V, 



r9,V-^B,V=^(?)' B,V-%,B,V+2wa-2tt^)= . . 
whence, multiplying by j?, q, r respectively, and adding, we have 



0= 



2> Ui B,V 
r t/ B.V 



p u a 
q V k 
r w g 

Substituting for ^^Y=du, 'd^Y=h, d^Y=dw, (22) becomes 

=0; ] 



+2 



and writing 



(23) taJkes the form 



(21) 



(22) 



(23) 



(24) 



q V 2h—dw' 
r w 2g—dv' 

vr—wq='K, Wja—ur=Y, uq—vp=Z, 

w'X+«iY+w'Z=Q ...... 

«'X+w'Y-fWiZ=E, 

2(aX+AY+^Z)-^P=0; 

or finally substituting 2(aa;+hy +gz)=du, and forming similar equations in Q and E, 
we have the system 

a{uX-xP)+h{uY—yV)+g{uZ-zP)=0 

h{vX-wQ)+h{vY—yQ)+g(vZ—zQ)=0 ■ 

5r(wX-irE) +/(wY-yE) +(?(wZ -sR) = 0, 



(25) 
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I. e. 



which may be regarded as the three forms by any one of which n^V=0 may be 
replaced. Before proceeding further, it will be convenient to notice that the quanti- 
ties uK—wV, .. are capable of being transformed in a manner which will be useful 
hereafter, as follows : — 

Vx = Xm^x + {ww' — v^)px + (i^q — ii/rjux 

=X.UiX+{ww'—vv')(Sn—2B.—qt/—rz)—(v'q—w'r){vy—'Wz) 

=X(u,x+w'i/+v'z)+n(n—2)ll(ww'-vv') 

= (*i- 1)^«X+ 3(i»- 2)H(ww'- W), 

-uK-\-x'P^{n-2){uX-S'H(v^ -ww')} 
-uY+i/'P={n-2){uY-m.{wu,-ut^ )} 
-mZ+zP=(w-2){wZ-3H(W-?;Wi)}. J 

Returning to (25), and taking anyone of the three as W, we shall have for n'V=0, 
a*V=0, a^V=0, 

a'dXu'K-xT)+Kb,(uY-yV)+gbXu'Z-zP)- d,u =0 ] 
^-d^{uX-xF)+KdX^iY-^T)+gd,(uZ-z'P)- d,v =0 
a^,(uK-xY}+Kd,{uY-y'P)+gbXuZ-z'P)- d,w =0 
aA{uX-xV)+hA{uY-t/7)+gA(uZ-z'P)-mAli=0 ; j 



(26) 



(27) 



(28) 



and similar groups may be formed from the other two equations of (25). Now as (27) 
contain only three out of the six constants a, . .f^ . . , and the single indeterminate 4, they 
are sufficient for the elimination in view, and give for the equation whereby the sextactic 
points are to be determiued, 

B,(«X-^P) B,(«Y-yP) B>Z-zP) u =0,^ 

^^uK-x'P) B>Y-2^P) B>Z-2P) u 

9,(t^X-arP) ^.{uY-y'P) -d^uZ-zF) w 

A(wX-arP) A{uY-yV) A{uZ-zV) r^JI 

which, in virtue of (26), may also be written in the form 

B,{mX-3H)W-ww')} \{uY-SB.{wu,-uv')} B,{wZ-3H(W-'yM,)} u 

B^{mX-3H)W-ww')} B,{mY-3H(ww,-W)} ^,{^«Z-3H(W-wO} v 

B,{wX-3H)W-w«j')} 9,{wY-3H(ww,— W)} B,-(ttZ— 3H(W-w,)} w 

A{mX— 3H)tw'— ww')} A{mY— 3H(wM,— W)} A{mZ— 3H(W— w,)} w^H 

with similar expressions in v, Q ; w, E. Calling (28) and (29) %, %' respectively, we 
may designate the entire group of six forms, three of the form (28), and three of the 
form (29) by 

C=0, iM=0, 0=0, C'=0, il'=0, 0=0. .... (30) 



=0,^ 



(29) 
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And as %, %' diiFer only in respect of a numerical factor, any other factor that can be 
predicated of % may be affirmed of %', and vice versd ; and similarly for the other pairs 



I . 



§ 3. Forrrmlce of Beduction. 

The degree of the expressions (28) or (29) is 18%— 36; it remains to show that existence 
of certain extraneous factors, which when divided out will reduce the degree to 12%— 27, 
and at the same time render the three forms identical. But before entering upon this, 
it will be convenient to premise the foUowiag formulae, the first group of which are easily 
verified. 

yZ -zY =%n-2)E.u 

zS.-xZ=^n-2)'Rv 

xY—yK=%{n—2)B.w 

yb^ -zB,Y=(3%-7)wp— (%-l)«*i) +3(%-2)Hmi 



y-b^L -?B,Y=(3%-7)w£ -{n-V)v^ +3(m-2)Hw' 
^B,Z —zb^—{ln—1)ur -(%-l)wp+3(%-2)H«' 

zB^-a^B^Z =(3w-7)?2> -(m-1)«^ +3(w-2)Hw' 
zb^L-xb^L ={Bn-7)vq -{n-l)v2 -\-S(n-2)'Rv, 
zdJL-w'bJl ={Sn-1)vr -{n—l)wq+n(n-2)B.u' 

xb,Y -y'b^={Sn-7)wjp-(n-l)ur +S{n-2)Ilv' 
xb,Y -yd^X=(Sn-7)wq-(n-l)vr +B(n-2)llu' 
a?B jY — ^B^X= (3%— 7)wr — (%— l)wr + 3(% — 2)Hw, . 



(31) 



And writing 



-P,=Xp.+Y/+Z2' 

-Q,=Xr'+Y^i+Zy ........... (32) 

-K,=X2'+Yy+Zr„ 
then also 

YB,Z-ZB,Y=-(_pP+«PO ZB,X-XB,Z=-(^P+t;P,) XB,Y-YB;s:=-(rP+M;PO 
YB,Z-ZB,Y=-(_pQ+wQ,) ZB,X-XB,Z=-(gQ+t;Q,) XB,Y-YB,X=-(rQ+.wQO 
YB,Z-ZB,Y=-(i?R+^*K,) ZB,X-XB,Z=-(^E+t;K,) XB,Y-YB^=-(rR+wEJ, 

Moreover, vpriting with Professor Cayley, 

(91, 3S, C, i^, #, t)(B., B„ B JH = Q 

B.Qt;=(a, 35, C, #, <B, ||)(3., B„ ^Jp, B,Qjj= . . , B.Q5= . . (34) 



(33) 



B.QH=(B,g[, B^, B,C, B,jr, B,®, 3.i|)(B„ B„ B.)^H, B.Og- • • ,B.Qh=: 



J, 
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and noticing that 



XB,Qu+YB,Qu+ZB,Qu= Jac. (U, H, Qo), ..... (35) 



and that 



AY =wB^Qu— u'b^Qjj 
AZ = libyQv— vd^Qv, 



(36) 



then we have 



YAZ -Z AY=w Jac, (U, H, Q^) j/AZ -zAY={5n-12)Qu 
Z AX-XAZ =v Jac. (U, H, Q^) zAX-wAZ =(6n-l2)Q.v 
XAY-YAX=w Jac. (U, H, Q„) a;AY-yAX=(5w-12)Qw. 



(37) 



Again, if 91', 3S', C, Jf', #', ®' be the same quantities with respect to H that 
3, 25, C, #, #, © are with respect to U, ^. e. if <^=q,r,—'p'\ . . ff'=q'r'—pip', .., 
and if 

0=(a'3', C, #', <g',l')K t,, w)M 

^=(913, C, JT, «g, ?|)(i>, ?, r)^ j 
then 

M, B^Y B^Z=Jac. (w, Y, Z,)=Mi i^ p—u^r-^wpi—uq' UiQ—w'^+ur' —vp^ 
w' ByY B^Z w' u'p—w'r+WT^ —up' w'q^—v^p-\-ug^—vii^ 

V B^Y B^Z v' Wip—v'r-^wq'—uri v' q—u'p-\-vp'—v^ 

=lip^ =B.p^-Qpu+{9ipi+W +<Bq'}pw =B.p'—Qpu+~^Bp'-^iud,@u 



4-(li>,+25f' +jr2')pt7 
+(#i>i+#r' +C^')wp 

-((Bq' +f/ +€r, )pu 
+ (l'^^.+3B'w'+jrV)w 



+ (li?,+2$r' +dr?')i5v 
+ (<%'. +#^ +€^)pw 
+(9['mi +Ww'+<SV)m'' 
+(i^'^.+35'w'+4fV)^«^; 
+((^'Wi +#V+C v' )mw 



Similarly, 

Jac. (m, Z, X)=Mi Wig'— w^+wr'— ■yj?, w'r —-d q-\-v^ —-wr' 

w' w'q — Vip-\-uqj—vr' v{r —u' q-\-vp' —wq^ 

v' v' q— u'p + up' — vq' u'r—Wiq+ w^ — wp' 
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3jj >J 



-((Br' +fSr+€p')iir 

-iW +^qi +#y>2' 

+ {0Pi+fr' +€q')vr 
+(Sp,+Br' +fq')vq 

Hence 

Jac 



-(0r> +fq,+€p')ur 
+ (9[r' +^q,+<Bp')up 

+((gr' +fq,+€p')wp 
+ (^p, -\-W +^2')pv 
+ mp^+^r'+fq')qv 
+ (0p,+ff' +€q')rv 



Again, 



Jac. 
Jac. 

Jac. 
Jac. 
Jac. 

Jac. 
Jac. 
Jac. 

w Jac. 



«, Y, Z)=^^-Hqp-(aq-i-d^@^)u+i^u-d,^^^-v\^^ 

V, Z,X)=i^Hg^-(%-p,0„> 

«, X, Y)=^-^ H^r-(Q^-p,0>+iwB,^„-t^B.^„ 

w, Y, Z)=^^^Hri>-(Qr-iB,0u)tt+it*B,^I'u-iwB,^„ 
> X, Y)=^^Hr^ -(Qr-iB.0„> 



w, 



w. 



(39) 



(^^, Y, Z)H-j/ Jac. (*, Y, Z)+z Jac. (w, Y, Z)=:(w-1) Jac. (U, Y, Z) ; 
whence, bearing in mind that 

^•B.^u+2'B,^u+zB,^u=2(3w-7)^u, 
A^B,0u+yB,0o+0B,0t;=:2(»-l)0u, 
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because in the differentiations 91, . . . 91', . . are supposed constant, it follows that 

Jao.(U, Z,X)=i||^2H'}+(^*-?^Ha+0}» 1. . (40) 
Jac.(U, X, Y)=i|^HV+f^*--^HQ+0}». 



Again, 



71)' Bj,Y Bj,Z w' u'p—w'r+WT^ —up' w'q—Vip-{-uqi—vr' 
?y B^Y B^Z v' Wip—v'r+wq' — wr, •y'g' — m'^ +My— tJg'' 

+(%. +#^ +€q')wp+(9^u, +^'w' +(gVK 



Whence 



4(w-2) 



Jac. {u, Y, Z)=-^^ H/ -OMp + (g', . . df', . .)(«, ^, w)(m„ w', v')u 



4(w— 2) 



M 



Jac. («, Z, X)= ^_^'^ Hp2'— Qm^+(9[', . . JT', . OK ^' '«')(«''' '^1' ^') 
Jac. (a, X, Y)=^^^Hpr— QMr+(g[', ..#',. .)(w, v, wXv', v!,w,)u. 



(41) 



A similar process of reduction conducts to the relation 
Jac. (X, Y, Z)= -(a, . . #, . .){p, q, r){p,, r', ^)X-(gi', ..#',. .)(?*, v, w)iu,, w\ v')lL 
-{% . . #, . .){p, q, r){r', q„p' )Y-(9[', ..#',. OK ^. ^JCw', v„ u')Y 
-(91, . . #, . .)(i), ^, r)(^, y, r, ) Z-(a', ..#',. .)(^«, % ^X^'. «'' ^i)^' 
= -Jac. (U, H, ^u)-Jac. (U, H, 0^). 

Whence also 

Jac. (uX, uY, uZ)=u' Jac. (X, Y, Z)+m^{X Jac. (u, Y, Z)+Y Jac. (X, u, Z)+Z Jac. (X, Y, u)\ | 



= -%^Jac.(U, H, ^u). 



4t2 



J 



(42) 



664 ME. W. SPOTTISWOODE ON THE SEXTAGTIC POINTS OF A PLANE CrEVE. 



The resultant equation which, when combined with that of the original curve, will 
determine the sextactic points, was exhibited in § 2 under six different, forms, there 
designated by 

E=0, il=0, ^=0, %'=(), M!=0, ^'=0. 

Ijf ow since % and S,', :M a-nd ill', J^- and respectively differ only by the numerical 
factor (n—2y, we shall, in seeking to discover the extraneous factors, employ either 
C . . or %', . . as most convenient for the purpose. And in the first place it will be 
shown that H is a factor of all these expressions. Putting H=0, W becomes 



B,wX 


B.mY 


d,uZ 


u 


d,uX 


\uY 


d,^uZ 


V 


d^uX 


d^uY 


d^uZ 


w 


AuX 


AuY 


AuZ 


w,H 



= 0;^ 



(43) 



also 

A%X=j)X+*fAX+2HB;s: ■ 

AuY=pY+%AY+2'KdJ [ . . (44) 

ArfZ =:pZ +mAZ +2HB,Z ; 

so that the above equation, written in full, is 

tt,X +^t^^ %yY +%B^Y 

vJX +«B^X w'Y ^lidyY 

v'X+ud,X «'Y+^fB,Y 

p X +wAX+2HB,X p Y +«AY+2Hb,Y p Z +tiAZ + 2Hb,Z w,H. 

Although this expression contains terms explicitly multiplied by H, which might on 
the present supposition be omitted, it will still perhaps be worth while to develope it 
completely. Expanding in the usual way, it becomes 



«,Z -\-udJl 


u 


w'Z +u~b,;i 


V 


v'Z +%B,Z 


w 



u'X u, 3,Y B,Z u +M^ Y II, ZJL B,X u ^%eZ w, d,X B,Y u -^n' "dJL B,Y B,Z u 
iv' 3^Y d^Z V w' B^Z B^X v w' \X B^Y v a„X B„Y B„Z v 

v' B,Y B,Z w v' d;i B,X w v' 3,X B,Y w 

p AY AZ ^^H p AZ AX w,H p AX AY t^,H 



B,X B,Y B,Z w 
AX AY AZ JJL 



-f H u^+ub^X w,Y4-mB^Y ?«iZ+ttB^Z u 

w'X+mB^X w'Y+mB^Y w'Z+wB^Z t) 

i/X-f-wB^X w'Y+wB^Y «'Z+r«B^Z w 

•2B,X 2B„Y 2B,Z ??„ 
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In this the coefficient of — j) 

=i{S^ ZS,Y-YS,Z u +B,Y X9,Z-Zd,X « +B,Z YB,X-XB,Y u} 
B,X ZB,Y-YB,Z V S,Y XB^Z-ZB,X ^ d,Z Yd^i-XB.Y « 
9^ ZS,Y-Y9,Z w 9,Y XB,Z-ZS,X w B,Z Yd,X-XS,Y w 

=^{pd;S.+qd^Y+rdy. P M +i*B,X+^S,Y+wS.Z P, «}=P, P w 
pb;K+qb;¥+rd/l Q t; Md^X+wd^Y+wB^Z Q, t) Q, Q t; 

pB,X+2B,Y+rB^Z R w mB^X+vB^Y+wB^Z R, w R, R to. 
Now 

« t*. Pi = ^{2(?^P.+BQ.+J'R:)-j/((gP,+4rQ.+CR0} 
« iv' Q, 
w «' R, 

« w' P. = ;^{<#P,+jrQ:+CR>)-2(^P,+iQ,+(gR0} 

w ^^' Rj 

u v' P. = -^{y(aP,+lQ.+<gR,)-^(lP.+BQ,+JfRJ} 

w Wi R, ; 
so that multiplying these equations by X, Y, Z respectively, and adding, 

«QQi +(1P,+<BQ,+#R,X2X-^Z) 

^«RR, +((gP,+#Q,+CRO(a^Y-j^X)} 

= ^lff(P:a^+Q,y+M 



= 0. 



^ (45) 



666 ME. W. SPOTTISWOODE ON THE 8EXTACTIC POINTS OF A PLANE CUEVE. 



Hence the whole expression 

w' V Yd,Z-Zb,Y B„X w' V 



Zd,X-XdJL B,Y+M, u X9,Y-Y9;s: B,Z} 



ZB,X-XB^Z B^Y w' V 



XS,Y-Yd^X B,Z 



v' w YB,Z-ZB,Y 9,X v' w ZB^-X9,Z B,Y ^ w XS,Y-YB,X B,Z 



^JI YAZ-ZAY AX 



vrM ZAX-XAZ AY 



vtM XAY-YAX AZ 



+M-'d,X d,Y S,Z M 

S,X S,Y B,Z t) 

B,X B,Y B,Z w 

AX AY AZ vtJI; 



or in virtue of (33), 
=u^{Ui u — (j)PH-mP,) 



w' V —(pQ-\-uQi) Bj^ w' V 
iJ w —{pR+uR^) B^X v' w 






B,Y+M, M 
Bj,Y w' V 
B,Y t/ w 



-(rP+wP,) 
-(rQ+wQO 
-(/•E+wR,) 



S,Z} 

B^Z 

B.Z 



. sr,HwJac.(U,H,Qp)AX . ri7,H« Jac.(U,H,Qu) AY . r!7,H w Jac. (U, H, Q^) AZ 

+w^b;k b,y b,z u 

d^X B,Y B,Z V 

b;s b:y b,z w 
ax ay az vt,k 

=2wV,H«, P, P+w^Jac.(U,H,Qtj)M, m P +%== Jac. (U, H, Q^) w, w P+w^B,X B,Y B,Z « 
w' Q, Q w' V Q w' V Q Bj,X B^Y B^Z v 

«' R, R i/ w E ?;' w E B^ B,Y B,Z w 

AX AY AZ t7,H. 



But 



since 



also 



«, P. P = Z(lP,+BQ.+4rEJ-Y(#P.+4rQ, +CEO 
w' Q, Q 

v' R, R 

=<a B C ## t)(p ? rXPAHJ-K^ B C 4r(g ®)(m V w)(P,Q,R,) 
=K9[ <B C JT (g ^)(p ? rXP,Q.RO, 

(a B C 4f # S)(«, «, w)PARO= ^H(P,a;+Q,3^+R,z)=0, 

(a35C##l)(P,Q.Ei) = (91..)(i'?^)(i^i*^'2')X 

+(9i . .)(i> ? ''jC'^ s'l y)Y 

= Jac. (U, H, ^u). 
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Hence the whole expression above written 

=z2u'LjsiC.(V, H, ^u)+~^H Jac.(U, H, QrT)|H+^ 



-W 






But 



9,X 9,Y dJZ u=- 

B,X S,Y S,Z V 

B,X B,Y S,Z w 

AX AY AZ 



i|^'pPJac.(U,H,Q^), 



and 



B^ B,Y B,Z =-Jac.(U,H,^u)-Jac.(U, H, 0^). 
Spi B,Y 9,Z 
B,X B,Y B,Z 
Hence, finally, the whole expression 

=M'H|^,Jac.(U, H, •^n)+ (^~Er - ^il'if ) H Jac. (U, H, Q)-«r, Jac. (U, H, 0^) • 
=M^H|z^,(jac. (U, H, ^^)- Jac. (U, H, 0^;)) - ^^^^=||p^H Jac. (U, H, Qu)|, 

which is therefore divisible by Hu^. Consequently H is a factor of all the expressions 
%i..W • ., which was to be proved. 

Although not absolutely necessary to our argument, it is perhaps worth while to show, 
as may readily be done, that % is divisible by u. Omitting the terms explicitly multi- 
plied by u in the first three columns, the equation becomes 

uJL—djc'P M,Y— B^^P MjZ— B^zP u =0. ■> 

w'X-^P v^Y-'d^yV w'Z-B/P v 

«'X-B^P «'Y-B,3/P «'Z-B,2P w 

p X~Aa?P+2H9,X ^ Y-A3^P+2HB,Y p 7>-Az7+2iB,Z m,H 

In this the coefiicient of mjl. 



1(46) 



(47) 



P=.(Y^-Z3.) 



w'B^P 
«'B.P 



+P(Za?-Xs) 



M,B.P 



+F(Xy-Yx) 



w'B„P 



which, writing 

K=u Ui B,P 

V w' Bj,P 

W l/ BgP 

= _(,i_2)(3HK+5P*)P. 
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Similarly, it will be found that the coefficients of 

(i)Y-A3/P+2HB,Y) 

(^Z-AzP+2HB,Z) 
are 

-(*i-2)(3HK+5P>, 

-(m-2)(3HK+5P>, 
-(?i-2)(3HK+5P> 

respectively ; and consequently the whole expression 

= _(„,_2)(3HK+5P^){(^X-Aa:P+2HB^)M 

+ {pY - Ay P + 2HB,Y)«; 
+(pZ -AzP+2HB,Z)w+ti7,HP} 

= _(^_2)(3HK+5F){-2HP-2(g[. .)(«, v, w)(B,P, B,P, B,P)+^,HP} 

= _(^_2X3HK+5P^)|-2-i^^+r.,|HP. 

10(n — 2) 
But t3-2=l+ — _, , SO that the above expression 



=(w-2X3HK + P^)HP. 



Now 



w nV 

v' (n—l)(u—u) 

r 3(m-2)H 



-(w-2X3HK+P=')=tt V 

w, w' 
J) q 

B,P B,P B. 5(w-2)P 
==« u w xu -\-yv -\-zw 
Ui w' i/ rw, +yw' +zv' —{n—l)u\ . (48) 
p q r xp -\-yq -\-zr 
B,P B,P B,P .^B.P+yB,P+;2B,P 
^— («. — 1)m w ^ B,P 
. « ? B,P 
w r BjP; 

so that the whole expression is divisible by u. Similarly, it might be shown that M, 
or M' is divisible by v, and N or N' by w. 

It follows from what has gone before that %, ;^, ^, %', £H',0 are all divisible by 
H, that H, %' are divisible by u, 0i, 01' by v, ^, ^' by w, and consequently dividing 
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out those factors, the three expressions %, 01, ^ are of the form 

Av' +B,v +C,=0, (49) 

Aw^+B3W+C3=0, 

in which the coefficients of u\ tf, vf are the same, viz. the expressions given in (46). 
From these equations it foUovps that 

BiM + Ci _ BgjH-^ B3W -I- C3 /gQ\ 

v^ ~ v^ ~ vo^ ^ ' 

But as «, % w do not in general vanish simultaneously, these relations can hold good 
only in virtue of B, being divisible by w, and C, by w' ; B^ by v, and C2 by if ; B3 by w and 
Cs by w\ Whence, finally, % is divisible by Hw', M by H«^ ^ by Hw^ and ^.he 
degree of the equation is reduced to 

{lSn-BQ)-S(n-2)-S(n-l)=12n-27. 

Also, since the ratios (B,w+Cl):^t^ (B^v+Ci):v^, (BjWH-Ca):^^ are in virtue of (50) 
equal (say =B), it follows that ^, M, ^, ^\ £^, ^' all lead to the same result, 
viz. A+B=0, which it was our object to prove. 
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